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Abstract—In this work we tested different configuration set-
tings for the NMPSO algorithm, aiming at solving multi-objective
optimization problems with a small number of function evalu-
ations, which is an important aspect that must be addressed
in real-world optimization problems. Sixteen different config-
urations were tested for NMPSO, with different combinations
of: i) the swarm size, ii) the maximum number of particles in
the external archive, and iii) the maximum amount of genetic
operations in the external archive. Three DTLZ problems were
used to select the best configuration, which was then evaluated
against other state-of-the-art multi-objective optimization algo-
rithms (MMOPSO, NSGA-II, NSGA-III). Our results showed
that the fastest convergence towards the true Pareto-optimal
front is provided by the configuration with a swarm size of 10, a
maximum number of particles allowed in the external archive of
100, and a limit of genetic operations per iteration given by 50%
of the maximum number of particles allowed in the external
archive. The selected configuration was also very competitive
or even superior against NSGA-II and NSGA-III, in terms of
the number of function evaluations required to start having an
HV larger than zero, but also in the HV values achieved after
stabilization of the Pareto-optimal front.

Index Terms—particle swarm optimization (PSO), multi-
objective optimization, Pareto-optimal front (POF), NMPSO

I. INTRODUCTION

Several engineering applications usually face problems

where competing objectives needs to be optimized at the same

time [1]–[6], thus forming what is known as multi-objective

optimization problems (MOPs) [7]–[9]. The way to address

these problems is not focused on finding a single solution

that simultaneously optimizes all the objectives, as instead it

is assumed that improvement in one objective can only be

obtained by deteriorating one or more of the remaining ob-

jectives, which leads to considering several possible solutions.

For a set of solutions to be considered optimal in a MOP, each

solution must be non-dominated, which implies that none of

the remaining solutions is better for all the proposed objectives

[10]. The boundary defined by all the non-dominated solutions

forms a Pareto-optimal front (POF), which represents the best

compromise among the objectives [11]. The POF is a central

concept on which most of the multi-objective optimization

techniques are based, so in solving problems, the solutions

This work was partially funded by ANID PCI NSFC 190018, ANID
Fondecyt 1212071.

involved are usually stored in a repository [12], [13], also

called external archive (A).

In the last decades, several optimization techniques have

been developed to find Pareto-optimal front for differ-

ent MOPs, being multi-objective evolutionary algorithms

(MOEAs) [14]–[16] and multi-objective particle swarm op-

timizers (MOPSOs) [13], [17]–[20] two of the biggest nature-

inspired families of heuristic algorithms. MOPSOs use a

population of particles within a decision variable space, to

find the POF in the objective space. Some current MOP-

SOs are OMOPSO [17], CSMPSO [18], SMPSO [19], and

CMPSO [20]. In recent years, [21] introduced NMPSO, a

novel MOPSO that features a balanceable fitness estimation

(BFE) method to maintain diversity within the POF. The BFE

method accelerates the convergence of candidate solutions to

the true POF by combining the information of convergence

and diversity for each individual. In addition, NMPSO had:

i) a novel velocity update equation, where an extra search

direction was introduced, pointing from the personal best

particle to the global best ones; ii) an evolutionary search

on the external archive, where simulated binary crossover

(SBX) and polynomial-based mutation (PBM) are used to

generate the non-dominated solutions, and iii) a new selection

mechanism for the archive update, where the BFE is used

after the PSO search to select the non-dominated solutions that

will be kept in the external archive, avoiding the unnecessary

growth of its size during iterations.

Although NMPSO has shown to be highly competitive in

solving many-objective optimization problems (MaOPs, i.e.,

problems with more than three objectives) [21], we have

not found in the literature an algorithm configuration that

makes it competitive in solving MOPs (i.e., problems with

three objectives or less), which are typical of many real-world

engineering applications. Therefore, in this work we explore

different configuration settings for NMPSO in order to provide

guidance for its implementation in multi-objective problems to

be solved with a reduced number of function evaluations. In

particular we analyze the following three parameter settings

of NMPSO: i) the size of the swarm used in the PSO search,

ii) the maximum number of particles in the external archive,

and iii) the maximum amount of genetic operations in the

external archive that can undergo crossover and mutation. The
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configuration we are looking for puts special emphasis on the

number of function evaluations, because the execution time

of the functions to be optimized in real-world optimization

problems (e.g., numerical models) can be very long, resulting

in an important restriction to be addressed.

The remainder of this article is organized as follows: Section

II provides the basics on the original NMPSO algorithm, and

some modifications carried out to improve its performance

with MOPs. Section III describes the experimental setup

used to identify optimal settings of NMPSO for real-world

applications. Results are presented in Section IV, and Section

V concludes and summarizes the main findings of this work.

II. NMPSO IMPLEMENTATION

A. Original NMPSO algorithm

NMPSO [21] is a novel MOPSO that combines a PSO-based

mechanism and evolutionary mechanism [22] to maintain

diversity and accelerate convergence to the Pareto-optimal

front. A balanceable fitness estimation (BFE) method is used

to rank particles in an external archive (A), in order to provide

an effective guidance to the true POF, while keeping diversity

among particles.

Similar to the canonical PSO algorithm [23], NMPSO starts

with a random initialization of the particles’ positions within

the decision variable space. Considering a D-dimensional

search space, the position for the i-th particle is represented

by ~Xi = xi1, xi2, ...., xiD. The performance of each particle is

evaluated through the specific value of each objective function,

which is the basis for updating ~Xi. The personal/previous

best, i.e., the best-known position of the i-th particle, is

represented by ~Pi = pi1, pi2, ...., piD, whereas the global best,

is represented by ~Gi = gi1, gi2, ...., giD. In NMPSO, the global

best of each particle (~Gi) is randomly selected from the 10%

particles with better BFE values in the external archive [21].

For the PSO search, NMPSO integrates a new formulation

for velocity update equation [21], as follows:

~V
(t+1)
i

= ω~V t

i + c1~U
t

1 ⊗ (~P t

i − ~Xt

i )

+c2~U
t

2 ⊗ ( ~Gt − ~Xt

i )

+c3~U
t

3 ⊗ ( ~Gt − ~P t

i )

(1)

where i = 1, 2, ..., N , with N equal to swarm size; and

t = 1, 2, ..., T , with T equal to the maximum number of

iterations. ω is the inertia weight, c1 and c2 are the cogni-

tive and social acceleration coefficients, and ~U1 and ~U2 are

independent and uniformly distributed random vectors in [0, 1]
(note that ⊗ denotes element-wise vector multiplication). c3
and ~U3 are the coefficient and uniformly distributed random

vector, respectively, for the last term in the velocity equation.

This last term has been reported to contribute to finding a

better POF for MaOPs [21]. However, in preliminary tests

(not shown here), for MOPs (up to three objective functions)

it introduces an important burden in terms of the number of

model evaluations required to achieve the POF. Therefore,

in the tests carried out in this work, this term has not been

considered.

Then, the position of the i-th particle is updated as follows:

~X
(t+1)
i

= ~X
(t)
i

+ ~V
(t+1)
i

(2)

After the PSO search, the non-dominated particles in the

swarm are added to A to keep track of the POF along the

iterations. When the size of the updated repository is larger

than the maximum size of the external archive (Ne) the BFE

method is used to select non-dominated solutions to be kept

in A, which are considered to be good representatives of the

entire POF. Afterwards, NMPSO performs evolutionary oper-

ations on non-dominated solutions in A, to allow beneficial

exchange of information among its particles. Specifically, the

simulated binary crossover (SBX) operator is used to allow the

interchange of useful gene segments, and polynomial-based

mutation (PM) is carried out to add a small disturbance to

improve local search. Therefore, if the size of the current

external archive is NA, with NA ≤ Ne, the two previous

evolutionary operations impose a number NA of additional

evaluations for each iteration. More details on BFE and the two

genetic operations can be found in [21] and [22], respectively.

B. NMPSO configuration settings

In order to provide some guidance on the best configura-

tion settings for using NMPSO in real-world MOPs, in this

article we analyze three basic parameters of this algorithm.

These three configuration settings are briefly explained in the

following lines.

1) Swarm size (N ): The PSO search is carried out by the

N particles in the swarm, following the velocity and position

update equations presented in (1) and (2), respectively. In

NMPSO the position of the N particles is randomly initialized

in the D-dimensional search space, while the velocities are set

to zero (vi = 0).

2) Maximum size of the external archive (Ne): The number

of particles in the external archive (Ne) impose an upper

boundary for the number of model evaluations to be run in

each iteration on top of those already carried out during the

PSO search (see Section II-B3). Therefore, it is important

to limit the size of A to prevent an uncontrolled increase

in the number of model evaluations required for NMPSO.

However, [21] only mentions that A starts empty, without a

clear recommendation for the maximum number of particles

on it (Ne).

3) Maximum amount of genetic operations (MaxGO):

According to [21], for NMPSO, two genetic operations (SBX

and PM) are applied to the particles in the external archive.

However, each new particle resulting from the genetic op-

erations needs to be evaluated for each objective, which in

turn is used by BFE to rank particles according to their

weighted diversity and convergence distances [21]. Therefore,

we propose a maximum amount of particles in A that can

undergo genetic operations, termed MaxGO, to limit the

number of model evaluations required for NMPSO. MaxGO
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is expressed as a fraction of Ne, i.e., MaxGO ∈ [0, 1]. When

MaxGO ·Ne is less than Ne, the particles that undergo genetic

operations are randomly selected from A.

C. Other modifications considered

In order to improve the random initialization of particles’

positions described in [21], in this work we use quasi-random

low-discrepancy Sobol sequences [24] to fill the decision

variable space more evenly. In addition, when a particle’s

position, updated using (2), try to go beyond the limits of

the decision variable space, the position of such particle is

modified to coincide with the reached boundary, and the

particle’s velocity is set to zero (”absorbing2011” boundary

condition in [25]).

III. EXPERIMENTAL SETUP

For this work, the NMPSO algorithm was implemented in

the R environment for statistical computing and graphics [26],

based on the pseudo-code and description given in [21]. The

following lines briefly describe the experimental setup.

A. NMPSO configuration settings

To find a best default configuration for NMPSO in multi-

objective optimization problems, three parameter settings were

investigated, each one of them with four different levels: i) the

swarm size used in the PSO search (N ), with levels [10, 20,

30, 40]; ii) the maximum number of particles in the external

archive (Ne), with levels [50, 100, 150, 200]; and iii) the

maximum amount of particles in A that can undergo genetic

operations (MaxGO, as a fraction of Ne), with levels [25%,

50%, 75%, 100%].

As the total number of all possible combinations between

the four levels of N , Ne, MaxGO would lead to a total of 64

tests, the Taguchi design method [27] was used to reduce the

number of experiments to only 16, using an orthogonal L16

arrangement, as shown in Table I.

TABLE I
NMPSO CONFIGURATION SETTINGS ANALYZED IN THIS WORK.

Seta N Ne MaxGO

[10,20,30,40] [50,100,150,200] [25%,50%,75%,100%]

1 50 25
2 10 100 50
3 150 75
4 200 100

5 50 50
6 20 100 25
7 150 100
7 200 75

9 50 75
10 30 100 100
11 150 25
12 200 50

13 50 100
14 40 100 75
15 150 50
16 200 25

aEach 3-tuple represents a different combination of N , Ne, MaxGO .

Following [21], the control parameters c1 and c2 in (1) were

randomly sampled in [1.5, 2.5] and the inertia weights ω was

also randomly sampled in [0.1, 0.5].
Regarding the genetic operators, their application involved

the following specifications: i) for the SBX operator, the

probabilities of doing crossover (pc) and the distribution index

(ηc) were set at 1 and 20, respectively; ii) for the PM operator,

the probability of mutation (pm) was set to 1/n (where n is

the number of decision variables) and the distribution index

(ηm) was set to 20.

B. Benchmark functions

For this work, three well-known DTLZ scalable objective

problems [28] (DTLZ1, DTLZ2, DTLZ3) were used as bench-

mark to assess the performance of each one of the 16 NMPSO

configurations defined in Section III-A and shown in Table

I. These benchmark problems were implemented using the

smoof R package [29].

Reference [28] proposed the n = m + k − 1 relationship

to set the number of decision variables to be optimized (n) in

each benchmark problem, based on the number of objective

functions (m), and an integer k set to 5, 10 and 10 for the

DTLZ1, DTLZ2 and DTLZ3, respectively. Therefore, consid-

ering three objective functions for each benchmark problem

(m = 3), the number of decision variables to be optimized (n)

resulted in 7, 12 and 12 for the DTLZ1, DTLZ2 and DTLZ3

problems, respectively.

C. Performance evaluation

The normalized hypervolume (HV) [30] was used in this

work to simultaneously measure the spread and convergence

[31] of the POF obtained with the 16 NMPSO configurations

defined in Section III-A. For the three DTLZ problems, HV

was computed using the volume of the search space comprised

within the POF and a nadir point of reference (opposite to

the ideal point towards which the POF advances), i.e., in a

minimization problem each improvement of the POF should

increase the corresponding HV. For the DTLZ1 function the

reference point was set at {0.5,0.5,0.5}, while for DTLZ2 and

DTLZ3 problems the reference point was located at {1,1,1}
[28].

To reduce the impact of the stochastic nature of NMPSO

in the obtained HV, each experiment was carried out 75 times

with different random seeds, where the representative value of

HV at a certain number of iterations was taken as the median

among all these runs.

D. Comparison with other multi-objective algorithms

The NMPSO configuration {N , Ne, MaxGO} with the

highest HV, out of the 16 combinations defined in Section

III-A, was selected to be compared against other state-of-

the-art multi-objective algorithms, specifically MMOPSO [22],

NSGA-II [15] and NSGA-III [32]. These algorithms were

implemented using the configuration settings defined in the

PlatEMO Matlab platform [33], which includes a wide range

of multi-objective algorithms, and also metrics and multi-

objective optimization problems. All these algorithms were
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configured with a population size of 100. As in NMPSO,

the application of the aforementioned algorithms involves

the genetic operators SBX and PM, considering the same

parameters already indicated for NMPSO. Specifically for

MMOPSO, the coefficients c1 and c2 were randomly sampled

in [1.5, 2.5], and the inertia weight ω was also randomly

sampled, in [0.1, 0.5].
To reduce the impact of the stochastic nature of the three

algorithms used in this comparison, each problem was solved

75 times with each multi-objective optimization algorithm,

using a different random seed for each run. The representative

value of HV at a certain number of iterations was computed

as the median among all these runs.

IV. RESULTS

A. Performance of different NMPSO configuration settings

Fig. 1 shows the evolution of HV according to the number

of function evaluations, for the three DTLZ problems and

the 16 NMPSO configurations {N , Ne, MaxGO} defined in

Section III-A. In general, it is not possible to find a general

behavior for all benchmark problems under all the NMPSO

configurations. However, combinations with a low swarm size

(N = 10, 20, red and violet colors) required a reduced

number of function evaluations to reach a high HV value, and

therefore, the following analyses will only refer to them. For

all swarm sizes (i.e., all colors), the fastest convergence to the

maximum HV value was reached by using 50 or 100 particles

as maximum A size (square and triangle symbols), however,

when Ne = 100 the value obtained for HV was higher than for

Ne = 50. Finally, regarding the maximum amount of particles

in A that undergo genetic operations (different line types),

for DTLZ1 a 50% (dashed lines) lead to a fast convergence

as well as to obtain the highest HV value, while for DTLZ2

and DTLZ3, using MaxGO = 50% does not always lead to

the fastest convergence, but always results in the highest HV

values.

B. Best configuration settings for NMPSO

Based on the results presented in Fig. 1, the combination

{10,100,50%} was chosen as the best combination of {N , Ne,

MaxGO} to be used with NMPSO.

C. Comparison with other multi-objective algorithms

Fig. 2 shows a graphical comparison of the performance

of NMPSO against MMOPSO, NSGA-II and NSGA-III. In

addition, Table II shows numerical comparisons among algo-

rithms using three measures of performance: i) the number of

function evaluations required to start exceeding the POF nadir

point, i.e., the HV = 0 line (Evals2Start); ii) the number

of function evaluations required to achieve stabilization in the

POF (Evals2End, i.e., when HV remains above 99% of

the maximum value reached by each algorithm); and iii) HV

values achieved after stabilization (HVmax).

These results show that the best configuration selected in

this work for NMPSO ({10,100,50%}) managed to be very

competitive or even superior against NSGA-II and NSGA-III

Fig. 1. Evolution of HV against the number of function evaluations in the
three DTLZ benchmark problems. In the legend, colors, symbols and line
types are used to group the N , Ne, and MaxGO values, respectively.

in terms of the three measures of performance described in

the previous paragraph. In particular, for DTLZ1 the selected

configuration of NMPSO is the second, after NSGA-II, to

start exceeding the HV = 0 line (Evals2Start=7500),

but is the fastest to stabilize (Evals2End=14000), and

the third with the highest HV value (HVmax = 0.8314).

For DTLZ2, the selected NMPSO configuration, just like

the four other options tested, starts immediately to find the

POF (Evals2Start=0), but is the fastest algorithm to

converge (Evals2End=3500), and the one with the highest
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HV (HVmax = 0.5616). Finally, for DTLZ3, the selected

NMPSO configuration is the third to start looking for the POF

(Evals2Start=28500), but again is the fastest to converge

(Evals2End=35000) and the one that achieves the highest

HV value (HVmax = 0.5629).

Fig. 2. Evolution of HV against the number of function evaluations for
NMPSO (red squares) with configuration {10,100,50%} against MMOPSO
(violet upper triangles), NSGA-II (pink down triangles), and NSGA-III (green
asterisks) algorithms. In addition, the blue circle shows the performance of
NMPSO with the default settings used in the PlatEMO Matlab platform [33].

Therefore, the selected configuration for NMPSO (N = 10,

Ne = 100, MaxGO = 50%) is competitive in providing a

first approximation to the POF; however it is the algorithm

with the fastest convergence to its maximum HV value; and

in two out of three benchmark functions (DTLZ2, DTLZ3) is

the one reaching the highest HV value (in DTLZ1 is the second

best). In addition, Fig. 2 shows that the selected NMPSO

configuration is way better than the default setting used in the

PlatEMO Matlab platform [33], which is {100,100,100%},

being DTLZ3 an extreme example where the chosen NMPSO

configuration reaches a stable POF at ∼28500 model evalua-

tions while the PlatEMO configuration fails to do so before

70000 evaluations.

TABLE II
COMPARISON OF PERFORMANCE

∼Evals2Start ∼Evals2End HVmax

NMPSO{10,100,50%} 7 500 14 000 0.8314
NMPSO{100,100,100%} 15 000 24 000 0.8334

DTLZ1a MMOPSO 24 000 41 500 0.8059
NSGA-II 6 000 21 000 0.8236
NSGA-III 8 000 21 000 0.8410

NMPSO{10,100,50%} 0 3 500 0.5616

NMPSO{100,100,100%} 0 7 000 0.5606
DTLZ2a MMOPSO 0 11 000 0.5196

NSGA-II 0 7 000 0.5302
NSGA-III 0 8 500 0.5584

NMPSO{10,100,50%} 28 500 35 000 0.5629

NMPSO{100,100,100%} 61 500 ≮70 000 0.5612
DTLZ3a MMOPSO - ≮70 000 -

NSGA-II 20 500 57 000 0.5260
NSGA-III 26 000 57 500 0.5533

aThe maximum number of evaluations made with the DTLZ1, DTLZ2
and DTLZ3 tests were 50000, 20000 and 75000, respectively.

V. CONCLUSIONS

In this work we tested different configuration settings for

NMPSO, aiming at finding an optimal configuration that

improves its performance in multi-objective optimization prob-

lems, focusing on obtaining optimal results with the fewest

possible number of function evaluations. In particular, we

used an orthogonal L16 arrangement to select 16 different

combinations of: i) the swarm size (N ), ii) the maximum

number of particles in the external archive (Ne), and iii)

the maximum amount of genetic operations allowed for the

external archive (MaxGO). Three DTLZ problems were used,

with three objective functions each, to test the previous con-

figuration settings. The best configuration was then compared

against other MOPs (MMOPSO, NSGA-II, NSGA-III), and

against NMPSO with the default configuration settings used

in the well-known PlatEMO Matlab platform.

Our results showed that configurations with a low amount

of particles in the swarm (N = 10, 20) reached the maximum

hypervolume (HV ) earlier than configurations with a larger

amount of particles (N = 30, 40), which indicates that the

velocity update equation used in the PSO search has still

space for improvement. Configurations with a low amount

of particles in the swarm and 50-100 particles as maximum

size of the external archive showed the fastest convergence

to the maximum HV value; and using MaxGO = 50%
does not always lead to the fastest convergence, but always

resulted in the highest HV values. Therefore, the combination

{N = 10, Ne = 100, MaxGO = 50%} was chosen as the best
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configuration to be used with NMPSO to solve the selected

MOPs.

Our results showed that the selected NMPSO configuration

is very competitive or even superior against NSGA-II and

NSGA-III in terms of the number of function evaluations

required to start having an HV larger than zero, and to achieve

stabilization in the POF; but also in the maximum HV values

achieved after stabilization. In addition, our results showed

that the selected NMPSO configuration was much better than

the default settings used in PlatEMO.

In this way, this work contributes to define an optimal con-

figuration for the application of NMPSO in real-world multi-

objective optimization problems, where the number of function

evaluations is an important constraint to be addressed due to

the long execution times of the functions to be optimized (e.g.,

numerical models).
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